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Y3AFASIbHEHHA HENEPEPBHUX BPOBIB. |

Hotydosano nosull arzebpaivnui o6 exm — pexypenmut dpofu n -20 noprdwy, axi
€ N -BUMIPHUMY YICZAALHENNAMU NHenepepenux Opobis. Qaa sobpamcenns § docaid-
aennd manux 0pobic enKopUCMano napademepminanmy { MPuKYmMui Mempuii.

Ha cworoasi pigomi pisHi nigxonu ao ysaralbHeHHA oOUMCNEHb palliOHAJE-
HixX HaOMMKeNb NaHUlOTOBMX Apobis [1-3, 6] leropuuHo nepuniM Takum nigxo-
aom € matpuurmii (Oitnep, Akobi, Ilyankape, BpyH, IleppoH, BepHiuteis,
llyeruneuixos), IHumnit ninxin GasyeTbes Ha RiMiltHUX ogHOpiZHMX dopmax
(Dipixne, Epwmir, Krelin, Miukopcekuit, Bopouuii, Crybenuro, Apuonen) Psan
anroputMis OyZio 3alponOHOBAHO TAKDMK HACTYUHMMK avajkitukamu: [yprivem
7a CekepeiieM (Ha OCHOBI v3aranbHeHn ppoBis Papesn), Cropobararerxom (rid-
RACTI MAaHLUIOroOBI Apoti), CaaBroM {iHTerpanbHi NaHLorosi ApoGu) Toto.

Likape ysaraNbHEHHA JlaHOWOroBux ApobiB sanpononysas Plopcrenay [7]
me B 1874 poui. Iliznime meari mocraTHi yMoByu 36ixHOCTI pauioHanbHMX HAGIIM-
#ens apodis Properenay moeniius Kpykoechkmit [5). Ilpore, HesBamalod9u Ha
OPUPOAHICTE | NPOCTOTY HKLON0 Y3arallbHEHHA, BOHO 3aJIMIIMIIOCE HETOMIideHHM
abo 3abysoce.

BasknusuMH BUMOTaMHM A0 y3aTaJbHEHHA HelMepepBHUX Opobis €:

- nofydoBa 3pydHOore B KopucTyBaHHI anrebpaiusore of’ekTy, sobpaskennsa
AKero Haragyeano © azofparxensHs HemepepBHMX AJpobie, nospomanmo G
OpUPCGEHC BBeCTH MNOHATTA IX NOPAZKY Ta BMOWIMTH KJiaC NePIORMYHMX
ofi'erTiB, AKi § y3araJIbHIOBaJM nepioguyni Hemepepssi npobu;

— aaropurM o0uMCsIcHHA SHAYeHb PAlCHANBHHX BKOPO4YECHL LMX MaTeMaTHU-
Hux of’exrip nopnHeH GyTH nNpocTuM B peanizanii ta GyTi edeKTHBHIM,

~ 3a aHAJIOTIEI 3 MEePIORMYHMMM JaHUIOrosumMu ApobaMu JoBinsHi MepiogmyH
anreGpaiuni of’exTH BMINMX MOPARKIB HOBUHHI cIyryBaTi 300paikeHHAMM
Aeakux amrebpaidHux ippaniodanpHocTel BUUINK NOPARKIB.
3oSpareHHA, AKUM KOPMCTYBABCA JNA CBOTO y3araibHenHd Japobie Piope-

TeHay, He € apy4nuM jas poborn 3 Takumu apobamy. Hponoryemo nas apobis
PopeTeHay HoBe zofpadkedHa 2a HONOMOTOKW IapalepPMaHeHTIB TPHEYTHMX
MATPHLL, AKE HE TINBKM € GINBII HAOYHMM, a i1 HOZBOJAC IMAKIOYMTH O OO~
cHiyReHHA UMX ApoSiB anapaT WMCIeHHA TPUKYTHMX MaTtpuub [4] Kpim Toro,
Heli migxin Ao3pOJIAE NPHMPOJEO BBECTH NOHATTA Nopapky Apoby i Depiomiunoro
Apoby Ta morazaTH, Lfo meplogu4ui gpobu BUILMX HOPAZRIE 300paMyXTh ippa-
IHOHAJILHOCTI BHMIIIMX NOPAAKIB.

1. Jonomixkki noHATTA Ta TRepAmenHAA. Harazaemo fmeari BigomocTi 3 [4]
npo NapanepMaHenT TPHKYTHHX marpuub. Hexait sagato neaxe noae K.

Oanavenna 1. TpukyTHy tabaumo enemenris ia nona K purnamy

| a;,
Aoy

A= 21 0'22 . (1)
an] an2 a'n’n u

HA3WBAOTL MPUKYMHONW MAMPUYEN, a Yiucae n — 1i IopRIKoM.
KoMHOMY GREMEHTY a; Marpuui (1) mocTaBuMO Y BigmoBigHicTE £ - j+1

eNeMeHTIB a, , k = j,...,7, AKl Ha3UMBAKTH NOTIOHUMU EACMCHINGMU MATPULUI,
NOPOAMEHMMY KIIIOYOBUM eJIEMEHTOM &;. HoGyTor BeCiX NMOXiAHMX €IEeMEHTIB,

ROPOIPKEHNX eNEMEHTOM @,;, TIO3HAYAIOTh Yepes {aﬁ-} i HasuBaWTL Paxmopi-

i
aavHuM oBymxom KA0408020 eremenma a,, Tobro {a,} = 11 ay
k=j
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Oznavenns 2. Halip eneMentis Matpuni (1) HasMBaKTh HOPMIAWHUM Ha-
GopoM KAWMOGUT edacsmenmié 1€l MaTpuii, AKUIO BOHKW IOPOAMYIOTh MHQMKMHY
TOXIAHMX eJeMeHTIR MOTYMHOCTI 7, "KOAHI ABa 3 AKMX He JIeXKaTb B OJHOMY
cTOBNLI Wiel MaTpHIl.

Yepes P(n) mozHauMMO MHOMMHY BCIX YIOPAAKOBAHMX Po3BUTTIB HaTy-
PasBHOTO YMCAE T y CYMy HaTypadbHMX Rofamkis, Bizmomo, mio |P(n})| = 2%
Mix¢ HopManbHuMK HalopaMM KIIIQHOBHX eXeMeHTIB maTpuui (1) 1 ymopaakoea-
HuMY poaGUTTAMK iz MHoWIHK P(n) icnye BzacMuo oZHOZHAYHA BifMORiAHICTL:

(Mg, R) @Ay w8, N a2 B N, 41 )
F
ne Ny =0, N = Zni, §=1,2,...,7.

i=l
Osnavennn 3. Hapanepmanewmonm tpukyTHoi MaTpuni (1) HaBuBawOTL eNe-

MEeHT
o 1 ,
_ % G -
pper{A} =| . = Z I:jl:{.asrsn,j(s}}
l' : (2] @2, Op YePln)
L) ﬂn?. a‘ﬂn 7t
nona K, ne g T KJOYOBMM eJleMeHT, SAKMI BiAfioBiZa€ $-H KOMIIOHEHTI

po3buTTa o = (o, y,-.., 0, ).

Osnovenns 4. KomHOMY eneMeHTY G, TPUKYTHOL MmaTpuii A, s3afanoi

dopmynow (1), NoCTaBUMO y BiANOBIAHICTE TPUKYTHY MaTPHLIO
..
¥

a .
= Tl 41§41
R;(A) = ) ,

ay igar 0 Gl 4y

ARY HABBEMO D020 30B0HOT MPUKYMHOL MamPuys,
BrasaTumenmo, o pper (R, (4)) = pper (R, ,,,(4)}=1.
W
ITapanepmaleHTH MoOKHa DOSKJAJIaTH 3& eJeMeHTAMY NePUIOro CTOBIILA
afo ocTaHHBOIC PANKA TPHEYTHOI MaTpuul BianosinHo 3a dopMynammu:

1 i
pper{4) = Z {arl} “PPEr (Rn,nl )= Z {aﬂs} pper (Rs—l.l ).

=1 F=l
2. O3pauesns pekypesTAENX Apobin.
Osnaxenns 5. Pexypenwmuum 3pobos n -T0 NOPAIKY HAaSUBAEMO TPHEYTHY
MATPHUK

2y
)
ot
St
n--1n-1 w-2n-1 a
1 a1
&, =Zx5-1 a‘n—&n—l
= aﬂ‘n O’n—l,n : aZ.n o, f (2)
e —— n s
Ga-1n An-gn &2
a’rmHl a3.n+l az,rnl
0 a T a a @y nal
=10+l 2.0+l T.n+i
0 0 a4,n + a‘3,n+2 a2,n+2
10+2

a3‘n+2 02‘1';1-2 al‘n+2

Ee @ ~ HaTypalhHi HMCTa.

58



Oznauenns 6. m-M PAYIOHAABHUM EKOpOueHHaM Opofy o Ha3HMBAEMO
pauiona.nbne YHCJIO

P
_m
a, = 2 (3)
m
e Pm’ Qm = HapanepMaHenTH BLITIOBIAHMX TRHKYTHHX MaTpPLb:
o
%oz
0y
0
an,ﬂ a‘n-—l,n a
1l
anul.n a"n—?,n
Pm = ) a’n,ﬂ-ﬂ a2,n+1 N (4)
a & al,n+l
n—1n4+1 1+l
a3,n+2 a2.n+2
0 0 a al,n+2
“2,1“2 142
a a
M n—1,m
0 0 .. 0 mmooEm g
[#3 15 '
L r—1,m n-2,m dm
- e -
18
23
a T3
13
anul,n aﬂ-ﬁ,ﬂ a
1n
Cypzn O’ﬂ-3.n .
Qm =| %nii Gaian By nai . {5)
a a a c"1,\1+1 :
n-ln+l a=2n+l 1,n+1
0 u‘n,m-z a‘.’!,n+2 a’2,n+2
1a+2
Cp1maz U542 Dyme2
o,
a a
w,m n-i.m
0 0 .. 0 —mmoomm g
a a :
L n-lam n-2,m dm-1
BigsouieHHA UMX MapallepMaHeHTiB OyleMo No3HadaTH uepes
ay
.
22 a,
a
12
Qn.n_ an-l,n 0-1
— ————— .
P an—I,n an-?,n
..._.__Qm = 0 &y el By et a
1+l
" Ay 1l a‘l,n+l
O3m+z Bnap
0 o .. e e,
a a '
2n:l 1,54+2
a a
n,m w—1m
U 0 e G a—"'-- El""—"'— al,m
n—l.m n—2,m Am

flxiuo rpaumug lim - icuye, To Oynemo HasHBaTH 1i 3HAYEHHAM PeKy-
N = o m

penTHOTO Apofy o. Posknmagaioun napanepmaneHTH (4), (D) 3a emeMeHTaMM
OCTRHHLOTO DPAAKS, OTPUMAEMO JHIMHI peKypeHTHI CNiBBiHOIIEHHA 7 -T0 MO-
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PAARY

P,=a, P, +0,P, ,+...4+a P, . m=12...,
Q. =0,Q, | +0,@,+..+a,,Q, ., m=12...,
e
p 1, i=0, Q 1, it=1-m, 1
- -4 a - R
flo i<o, ‘e, 2-n<i<o, nl

AKl BAX0Th ePeKTUBHMI anropuTM OOYMCIIeHHA 2HAYEHb PaALiOHAJNBHMX BROPO-
yedb (3) pekypentHux apobis n -ro mopAnky (2). 3eiacu Bunnmsae, 10 pery-

penTHUiA gpib Apyroro nopapky mpu ¢; = q; >0, a,, = p;, Mae BUrRAL

q 1
it —2:3 Qs

0lo o a

il v o

i € imum 300pakeAHAM HenepepeHoro apoby [8, 9)
P
g+ K Bm (6)
m=2 ¢,
Osnavennur 7. Pexypentunit Rpib n -ro nopsakry (2) Haseemo k -nepioduy-
HUM, AKILO Q; 0,0 =@, 0, E=12,..,n, j=12,.. k.
Oanauenns 8. IIsa pexypeRTHI gpobu 7 -ro NOPARKY HaaseMo oduaxosu-
Mu, AKMO AaA Beix m =1,2,... m-ri pauioHanshi BropodeHHA ofox apobie €

OAHAKOBHMM. _
Osnauenns 9. Pexypentuimit api6 n-ro nopaaky (2) HasBeMo 3suuadmum

pexypewmuum dpofiom, AKIO BHKOHYOTHCH PiBHOCTI

=q =.,.=1.

afm - an,n-ri

3. Bracturocri pexypentenx apobie. Hexail sagano pexypenTHui Apio

LN

_ql -
P
Gs &
1P
D, g B
Ty Py
p | X 4
Py 4 ks

0 {0 0 0 ... g,4

o= o
0 0 0 0 oL

qn—l nt
010 0o 0 2 PP s5-q,
&p, 54,
s-r $-p
0 0 0 0 A+l i+ g
S'prul qn+1 e
. . 8. Ppio
olo o0 o0 0 0 g Tn .
Pz Qr:.+2 q“-h . J
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Teopema 1. Jaa xoxcno20 pexypewmnozo dpoby k-z0 nopadxy icuye pis-
wutl tlomy ssuvatinud pexypenmmuuil opi6 k-zo nopaduy. _

Hoeepngennsa uei reopemn npoimocrpyemo npu k=3 ra k=4 (¥
saraibHOMY BMITaAKY HOBeAeHHA aHajoriune.) Ilepiu 3a Bee, 3a3Ha4uYMMO, IO
3HaYEeHHA MapaMeTpa § He BIIMBAE HA 3HAWEHHA PerypeHTHoro Apoby TpeTboro
HOPARKY, OCKINBKM Leii pexypeHTHIA npid posriapacTecA Ax QopMAJLHE Bij-
HOUIEHHA HapallepPMaHeHTIB JIBOX HeCKIHYeHHMX TPUKYTHHMX MaTpPHULb, B SKOMY
§ cropouyeTheA. OTixe, 3HAYEHHA NMapaMeTpa § 3THIHO 3 OIMCAHOIO INpoHeny-

pom MoHa BuGpaTM Tak, wWwob BUKoMyBajiach PpisHicTE s$7, = 1. IIpudowmy,
BHIACKUBILIN MOCHIIORHO IO NPOLENYPY /UIA eJIeMeHTiB 7,,7,,...,7; PeKypeHT-
Horo fApofiy, 3HalineMo 3HAYECHHA BIJIIOBIHMX MapaMeTpiB §;,8,,...,8,. laa
HLOFO KOCTATHBO MMOCNIZOBHO PO3B’A3aTH PIBHAHHA

SaTy = $48,T, T 838,857y T 8,858,Te T 88,8, = ... = 8 55, 81 =1
BIAHOCHO 3MIHHNX Sy, 85, ... 8 '
8y = TgTy *eee* Tye_y L sy Tyl v oent Ty L Sap = Tyly s Tay g :
T3Tg oo T Tal7 o Mot L |
t=12....

Ip# sBefeHH] peKxypPeHTHUX Jpobis 4-To MOPAORY A0 3BUYANHHX DPEKYpeHT-
Hix apoGie 4-ro nopsazry HeoGXiAHO BUROPUCTATH Takl piBHOCTI:

o2 S S ' tins = S48y oot Sap
LI ' 4+l T . '
8433 '.”‘Sék 3539 LERY s"”f.‘hl
S58g t..nt 841 LRI
t4k+2= _59 . A Akl ’ t‘ik*a:—g_}_{f_‘_&z—, k=1,2,.,., ¢
SgS10 " -rr " Sakaz S77 e Supean

Teopema 2. Axwo 0an m -20 PayioHaadbHO20 exopouehta I-nepioduunozo
pexypenmuozo dpody dpyeozo nopadxy

a4
a
_._2.. a} .
a, "
a .
0|2 a,
n @
a,
plo ...+ g
a4
a,
0j0 ... 0 = a,
a
1 dm

ICHYE CKIHHEHHG HeHYAbOBA ZPAHUYA NPU M — ©, Mo t020 3HAeHHR ¢ ditic-
. 2
HUM KOpenem Keadpammuozo PisHAHHA X7 = ;X +a,.
Hoeepednsa TeepameHHAa uiel TeopeMmi oZpa3sy BHILIMEAE i3 TOrO,

wo HenepepsHi apobi (6) npu g, = ¢, =...= g, P, =P; =...= @, € iHIMM
sofpaskeRHAM peryperTHOro npoby (7). ]
1 -nepioanunuil pexypeHTHHH API6 TPeTLOTO MOPARKY Mac BHENAR
o -
19
—_— u]
a |a
=212 :
o |2 * . (8)
1y L S
@ &
njo 2 2
a 4
L. "t <o
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Teopema 3. Axwo darn m -z0 payionasynozo gxopouenns I-nepioduunozo
pexypewmnoze Opoby mpemboeo nepadry (8) icHye cxitueHHa HeHYAbO8S 2pa-
HUYA “pw M -+ o0, Mo maxuil pexypenmuuii Opi6 3-20 nopadry € sobpaxcen-
HAM FHCHOZO KOPEHR KYOINHO020 PIBHAHKS

3 2
T =a,x” 40,7 +a,y. : (%

HoBexedHa PosknaBuy DapanepMaHeHT, AKM € YHMCQILHMKOM 11 -
ro pauionanbnoro BHOPOYECHHA, 3a C¢CNEeMEHTaMH I'IepI_LIOl‘O CTOBIIUA, OTPHEMAEMO
piBHiCTB

Pm = alpm-l + GZPm~2 + a3Pm-3’
Ocxinern @, = P, _, m=12,..., To maemo
P aq a
m 2 2
=P =g + + . (10)
1
Qm Pm-l Pm—l . Pm-2

Qm—i Qm—l Q-m—-z

. P . . ‘
Hexadi lim =2 = x = 0. Tozi, nepeitosBum y piBrocti (10} mo rpasuii
m—=wo Sl

P 7t —» %, OTPHMaEMO PIBHAHHA, piBHOCHIBHe piBEAHHIO {9):
a, a
T=a +E (11)
oz

3ayBaruMmo, 1110 piBRAHMA (11) MoKHa BanKCcATH Y Burnani

u
a, +-<
x=a +——=E,
! x

BuropucroByovy crmiBBiAHOILIEHHA

a
3
Ay + —-
N
x =01+———;—r—+’-, . ﬂ=1,2,...,
n+l

3a JIONOMOTOI) BIANOBINHMX TOCTIZIOBHMX TNCTAHOBOK MOMHa OTPHMMAaTH BUpPa3

a
a, + 3
a
3
a, +—
a, + ...
a; + —————
a’z +‘--
a, + 22—
a; +...
r=x =a + - ) (12)
Qy + ——2——
a
a +
a, +
@y +———
a4
a, +———
a, +
a; + 24

Taxi »x Garatonopepxori Apobn MOXKHa NOOYOYRaTH 23 BOIOMOTOI0 OBOX
nocAinoBHOCTeN piBHOCTE

y a

x, =a, +—= , Y, =0y +—>

n i x i P r
r+llp=12, . at+l Jn=12,..

1 gignopigHnx migcTaHoBok [5]. Bupasu (12) He e spyynuMmu ans ix aaxizy ta
NPaKTHYHMX [I0Tped, ToMY KOPUCTYBATHMMEMOCHA BiANOBIAHMMHK piBHIMMK IM pe-
KypeHTHUMY ApofaMu 3-ro NopsAsry.
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4, 2-pepioaMuni Ta 3-mepiogMUBi peKypenTHI ApodM TPETHOrD NOPHAKY.
Posrnanemo 2-nepioAMMHMA pexypeHTHHI Apib TpeThoro NopaIKy

qQ

Da

=14

922

OB

Pid : (13)
» P

o |- =2
Pz‘l‘zqz
LA

0l L ZLog
Poa

L

. P
PosxsazieMo 4MCEeJbHMK N -FO PpallioHANBHOTO BKOPOYEHHA —2 LBOro peKy-

Q,

PEHTHOTQ I{pﬁﬁy 33 eieMcHTAMHM NEepLIoTO CTOBIIIA!
Pf.l = qun + pZPn—Z + TIQ‘R-?. Py n

=q + + .
@, e, & & B
Pn-Z P‘n-—2 Qn—?
POSKJIa,uaIO‘-[H 3HaAaMeHHHMEK Qﬂ HbATo pauioH&JIbHOl‘O BROPOYEHHA 3a eJIeMeHTaMy

NEPLIOro CTOBIUH, OCTPHMAEMO PIBHOCTE

Qn _ qZPn—I! + PlQn-—Z + TZPn—4 _ Pl Ty
= =qy + + .
L) Fruea .5}_:,2.. P, .9_.’!:._2_
Qn-z Qﬂ—2 ‘P'n.—4
, . . ‘ P, o Q, ‘
Hexaji icHYIOTE criHdeHHI HeHYILOBI rparuti lim =% =, lim = y. Togi
n—o by, n—ro Pﬂ_z
Py 0 N
= + — + — = _— —_
T =q y+y.r' Yy q2+x+;r:y

3 miel cucTeMy PiBHAHL OTPUMYEMO Kybiute piBHssHA
(gePy +7)2° +(ngy - P2019; ~ pg +PyPp — 20,1007 + (1 — PiPyg; ~
—@1QyT - 2Py t giny)x - (rl2 +ag,pm) = 0. (14)

Teopema 4, Hexalt =2 — 1 -He PAYIOHAALHE EKOPOUEHHA NePioduuHoz0 Pe-

Q

P
Kypenwmuozo pienanna (13), npuvomy fcuyroms newyasoet epentyi lim L=,

o P

n

lim
=0

= y. Todi x e dlllcnum Kopenesm kybrynozo pisHAnHA (14).

n-2
AHAJIOTI4HO MOKHa MOKA3aTH, Lo 3-Nepiofuuni peKypeHTHi ApoSH TpeTho-
ro Nopaaky 300paxyoTs SACHMI KOPIHE feAKoro KySidHOro piBHAHHA { T. I
Hpuxaed. Hexail y 2-nepionuuHoMy pexypeHTHoMy Apobi TpeTroTo TIOpAA-
Ky (13} sazamo ' :
q =5 g,=-3 p =1 Pp==2 n=3 =r=-1.

Toni
F, 5 Q, -14 P 17 4 47
_ —_—= L D em— = —_— = N -—:———-—3*2764
Q 1 % R 5 28, Q -3 546), P -1 !
B -7 @, 212 P, 280 .
e T e = i S, - 2 =2 % 55319
ST 5.5, o 2.7532, o = a P
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; Q, 716 Py 1172 Q; 3227
: X _ T o A o2l 55083 28 -T2 o 27534129,
p, = 5gp ~ 2O o TG ” P, T 1142
P, -3959 @ 10901
ol T 5520328, P =308 2.75347309 ,
B, 17843 Q 49130 _ <
g— - ?ggg? ~ 552930923, %i = 3751"3-25-%9;9 ~ —2.75346329
o 7
Py _ 271655 Qe —747992
3, = 130 5.52930099, P = 31655 2753463032,

B -917672
Q, -165965
Jpi6 ¢ sobparkeHHAM KOPeHA

7.1
373
kyOiuHoro piBHAMHA

5x° — 3522 + 452 - 24 = 0.

3.526310396.

a =

¥55 +%‘3J 55° ~ 552031047609
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OBOEBWEHHUE HENPEPBLIBHEIX APOBEN. 1

ITocmpoen noevill anzebpaudecrutli obsexm — pexyppewmibie Opobu n-20 nopadra, 26-
AKIOUUECH Tt ~MePHbimit oDoBuenunmu Henpepsvienvir dpodet. Jas usobparcenus u uc-
caedosanua maxux Jpobell UCNOABICEANB NAPADEMEPMUNAHIGL U MPEYZOLLHBIE MAM-
prybe.

GENERALIZATION OF CONTINUED FRACTIONS. |

A new algebraic object, namely, recursion fractions of the n -th order being the n -th
generalization of continued fractions is constructed. Parodeterminanis and triangular
matrices are used to represent and investigate these fractions.

; Tepuronine. Hau, exoHoM. yH-T, Teproning,
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