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TEOPIA AJITOPUTMIB OIIYKY HAUBLJIGIIOIO CILJIBHOI'O
JIJIBHUKA Y BASUCI KPECTEHCOHA

Pe3tome. Buxnadeno meopemuyHi 0CHO8U A20pUMMI6 NOULYKY HAUOILIbULO2O CRINIbHO20 OLIbHUKA NpU
s3acmocysanni meopemuxo-uucnogux o6asucie Paoemaxepa ma Kpecmencona. Ompumano HOGi ananimuyHi
supasu  OOYUCTIOBANILHOI  CKIAOHOCMI  HOBUX — GUCOKONPOOYKMUBHUX — QI2OPUMMIE i3  GUKOPUCTNAHHAM
PO3MEHCOBAHOI CUCHEMU YUCTEHHSA 3ATUMUKOBUX KIACIE.
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THEORY OF ALGORITHMS SEARCH OF THE GREATEST
COMMON DIVISOR IN THE BASIS OF KRESTENSON’S

The summary. This article presents the theoretical background of algorithms for finding the greatest
common divisor in case the application of theoretical and numerical bases of Rademacher’s and Krestenson'’s.
The new analytical expressions of computational complexity of high—performance algorithms using delimited
numeration system of residual classes were obtained.
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AKTYaJIBHICTh JOCJHiUKeHHsl. 3HAXO/DKEHHS HAWOUIBIIOTO CHUIBHOTO JUTHhHUKA
(HCH) € BaxnmmBo (hyHIaMEHTAIBLHOIO 3aJa4el0 TEOopii YMcesl, YCIHINIHEe BUPIIICHHS SKOI
JT03BOJIIE€ BJOCKOHAIUTU aJTOPUTMU IIMPOKOTO KJIacy MPUKIAAHHUX 3aJad, 0COONMBO 3adad
3axXUCTy 1H(QOpPMALIHHUX TOTOKIB Yy KOMII'IOTEPHHUX CHCTEMax i3 BHKOPHCTAHHIM
acuMmeTpuyHoi kpuntorpadii (amroputmiB RSA, Pabina, Enp—I'amans, enekTpoHHOTO
mudpoBoro mignucy [1]-[3], AocmiKeHHS MOPSAKY ETNTHYHOI KPHUBOI 3a JOIMOMOTOIO
anmroputmy llyda) [4]. Lle 3ymMOBIECHO HEOOXITHICTIO BUKOPUCTAHHS, SIK MPABUIIO, B3AEMHO
npoctux yucen, HCJI skux mopisHioe 1.

VY 3B’S3Ky 3 IUM aKTyaJIbHOIO MPOOJIEMOIO JTOCHIIKEHb € PO3POOJICHHS TEOPETUIHHIX
ocHoB momyky HCJl 13 BHKOpPHCTaHHSIM TEOPETHKO-YMCIOBUX Oa3uciB Pagemaxepa Ta
Kpecrencona [5], 3acTrocyBaHHs SKUX JI03BOJISI€ 3MEHIIUTH OOYHUCIIOBAIBHY CKJIATHICTD.

AHaJi3 A0CHiKeHb Ta OIS JiTepaTypHUX axepes. HaiiOinbin po3moBCIOKECHIM
meTooM 3HaxokeHHss HC/L € oauH 13 HaliIaBHININX MaTEMAaTHYHUX alTOPUTMIB — QJITOPUTM
EBkiina, 3rimno 3 skum i 3HaxomkeHHs HCJI nBox dmcen HEOOXiTHO KiNbKa pasiB Bif
OLIBIIOrO YMCIIA BIAHATH MEHIIE, IOKU PI3HHI HE CTaHE MEHUIOK BiJ e€MHHKA. TOMl 10 X
caMmy mpolenypy noTpiOHO BUKOHATH 3 BiJ’€MHHKOM Ta pizHuLeto. [Iporec BinHiMaHHs Oyne
TPUBATHU JIO THUX IIp, TOKU BIJI'EMHUK Ta PI3HULA HE CTAaHYTh OJHAKOBI. OCKIJIBKH YHCIIA, HAJl
SKUMH BUKOHYIOTBCSI OIlepallii, Ha KO)KHOMY KpOILll 3MEHIIYIOThCSI, TO TaKU MPOLIEC HE MOXKeE
TPUBATHU HECKIHYCHHO, & 3aKIHYUTHCS Yepe3 JCSIKe YUCIIO KPOKIB.
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CyuacHuii MaTeMaTHYHUH 3amuc anroputMy EBKkiima mae Takuid Burisg [6]: mos
Oyab-aKoro a>b=ry, Ae a 1 b —11i11i Yrcna, BAKOHYETHCS CUCTEMa PiBHSIHb
a=ry-q,+r, 0<n <ry;

h="r-q,+n, 0<n <n;

................................... (1)

rZZI/;z—l.qn—}_r 0Slc1<rn—l;

e i
Vo =1, G, +0.

HCH (a, b) pnopiBHIOBaTHME 7y, TOOTO OCTAaHHHOMY HEHYJIHOBOMY YJIEHOBI
MOCTITIOBHOCTI 7i. OCKUIBKHU 7o>71>72>...>1>0, TO TaHWW TPOoIleC 3aKIHUNThCS MOHANMEHTIIE
yepe3 b KpokiB, TOOTO MOTPiOHO BUKOHATH b HineHb 3 ocTaueto. OJHAK NaHa OIHKAa €
HEe3a/I0BUIbHOI, OCKimbKK 11 3HaxomkeHHs HCJI nBox uumcen (abo mepeBipku iX Ha
MPOCTOTY), SIKI BUKOPUCTOBYIOTBCSI B CYYaCHHX AaCHMETPUYHUX KPHUITOCUCTEMAX,
3aTpavyaeThCcsl Ay)Ke BeMUKHil oOcsar vacy. B [7] moka3aHo, mo mis 3HaxomkenHs HCJL 3a
JoToMOror0 anroputMmy EBKitizia moTpiOHO BUKOHATH HE OuNbIe, HIX Sk orneparliil qiieHHS 3
ocTauero, e k — KIIbKICTh IUGpP y JECATKOBOMY 3ammci uuciaa a. B [8] mokazaHo, 1m0
KUIBKICTh KPOKiB He mepesuinye 2-log, b+1. Inma oninka Bumusae 3 teopemu Jlame [9],
3TiJTHO 3 SIKOIO KUTBKICTh KPOKIB airOpuTMy EBKIIiJIa HE MEpeBUIILYE [logCD (\/§a)J—2, ne [a]—
BEpXHE IUIE «; @:(1+\/§ ) 2 — OuUbIMKA KOPiHb XapaKTEPUCTHYHOTO PIBHSIHHSI
nociigoBaocti @100oHaYYl.

Hes3Bakatroun Ha BKa3aHi OLIHKMA Ta MPOCTOTY MPOTPaMHOI peasnizaiii alropurMmy
EBximima, #oro oOuYMcIIOBaJIbHA CKJIAIHICTh 3aIUIIAETHCS BEJIHWKOKO, OCKIUIBKH OMEparris
JUIEHHS € JOCUTh TPYJAOMICTKOIO. Po3paxyHkum mokasyworb, mo mnomyk HCH i3
BUKOpPUCTaHHAM  anroputMmy EBkmiga B 0Oasuci  Pagemaxepa  XapakTepusyeThCs
00YMCITIOBAIEHOIO CKJIAIHICTIO MIOHAHMEHIIe 17,5-n(n+1)2, 1€ n — PO3PSAHICTD YHCIA a Y
JBIKKOBOMY KOJIi.

[Hmmm HemosikoM anroputmy EBKiIiza € mociaioBHE BUKOHAHHS Omeparlii JiICHHS
OJIHA 32 OJIHOI0, TOOTO HEMOMJIMBICTH MOTO PO3MAapaieIICHHS.

[lepcrieKTUBHUM  HamNpsSMKOM  YIOCKOHAJIEHHS JOCTII)KYBAaHUX alTOPUTMIB €
knaciB [10] —[11].

Meta po6otu. Po3poOuT HOBI BUCOKOMPOIYKTHBHI aaropuTMu 3HaxopxkeHHs HCJI
3a JIONOMOTOI0 PO3MEXKOBAHOi CHCTeMHU uuciaeHHs Ta Oasucy KpecrteHcona, ski
XapaKTepU3YIOThCS 3HAYHO MEHIIOK OOYUCITIOBAIBHOK CKIQJHICTIO, HIX CTaHJApTHUN
anroput™m EBkiiza.

Aaroput™m EBKiina B po3mesxoBaHiii cuctemi unciaenns. Hexail motpiGHo 3HaiiTn
HCJl uncenaib:

a=an 2"+ .. Ha2 . +ai 2+ag; )
b=bn 2"+ .. b2+ ... +b 24Dy, (3)

npuaomy a>b=r; a,b=0,1.
Buxogsuu 3 (1), 7 =amodb=(a, 2" +...+a?2" +...+a,2+a,)modb =

n—1 X n—1 X
=(Z(ai2’ modb)jmodb=(Z(air1i)jmodb, ne r, =2'modb. Ile o3Ha4ae, MO MIYKaHUH
i=0 i=0

3QJIMIIOK JOPIBHIOBATHUME CyMi THUX CTENEHIB IBIWKH, Js sSKuX BigmoBimHo a=1. Cmin
3a3HAYUTH TaKOX, IO JBa IOCTIAOBHI 3HAYEHHS 7jj Ta F| i+] IOB’s3aHI PEKYPEHTHUM
CHiBBIIHOMICHHAM 7| i11=(2- rjjmod b. JIns 3HAXOKEHHs 3alUINKy 3a MOAyleM b He
000B’SI3KOBO BUKOHYBATH JICHHS 3 OCTAu€lO, a MOXKHA OOMEKUTHUCS BIAHIMAHHSIM: SIKIIIO 7

i+1<b, TO BOHO 3aJUIIAETHCS HE3MIHHHM, B 1HIIOMY BUTNAIKY 7| i+1= 7| i+1-b. HadmpocTime

155



BICHUK TEPHOINMIJIbCbKOIO HALJIOHAJIbHOI O TEXHIYHOIO YHIBEPCUTETY. 2011. Tom 16. Ne 1

peanizyBaTH OIMCAaHUM KPOK anropuTMy EBKIiga B po3MeEXKOBaHIA CHUCTEMI YUCICHHS 3a
JIOIIOMOT OO Ta0mui 1.

Tabmuns 1. 3HaxoKeHHS 3AHIIKy a mod b.

an-1 an-2 . a; . an a ap

’1n-1 1n-2 i 2 11 r10

3rigHo 3 TabnuLero 1, 7| MIyKaeMo K CyMy 71; 32 MOZLYJIEM b, Hajl IKUMH Y BEPXHbOMY
n—|
psiiky posmiteno 1, To6to 7, =| Y., |modb npu ymosi a=1.
i=0

Amnarnorigao OymyeMo TabmuIrio 2.

Tabmuns 2. 3HaxoKeHHS 3Ky b mod 7.

ba1=ron1 | bna=ron2 " bi=roi " by=ry» bi==ro, bo=ro0

"2n-1 "2n-2 e i e 22 1 20

n-1

Binnosiguo r, = (Z rzl) mod 7, ipu ymoBi bi=1.
i=0

VY3arajabHIOIOUHN OTpHMaHi PE3yJIbTAaTH, 3allMIICMO BHUpPA3 JId 3HAXOIKCHHS 6yI[B-
n—1

SAKOTO 3AIHIIKY: 7; = (Z rj_Zirjl.jmod Vi A€ i i=0,1; r;=2'mod ri,.
i=1

Binznaunmo, 1o KiUIbKiCTh KPOKIB CTaHAAPTHOTO anroputMy EBKiiga Ta anropurmy
EBxitina B po3MexkoBaHii cucTeMi YHCICHHS oaHakoBi. OaHaK OOYHMCITIOBaIbHA CKJIAJHICTh
BUKOHAHHS KOXXHOTO KPOKY ICTOTHO 3MEHIIYEThCS 1 CTaHOBUTH logyn/2. 3aranbHa
o0unCIIOBAJIbHA CKJIAJIHICTh anropuTMy EBKimiga B po3MeXoBaHI CHUCTEMI YHMCICHHS
OIIIHIOETBCSI  BHPA30M O(l7,5n(log2 n/ 2)) Kpim Toro, BiH BHKJIIOYAE MOXKJIHMBICTh
po3MapanetoBaHHs.

Aaroputm nomyky HCJI 3a nomomororo 6a3ucy Kpecrencona. 3anponoHoBaHuit
anropuT™ 3HaxoxeHHss HC/] rpyHTyeThCs Ha MONTYKY 3aJIMINKIB BiJl IJIEHHS Yrcen ai b (a

> b) B po3mexxoBaHiii cuctemi yucieHHs (2), (3) Ha BCi mpocTi yucna 10 b .
. . k o
CrisbHUM IiNTBHAKOM YHCEN a Ta b Oyzie MOJyJb p; , IKUH 3HAXOMMMO 3 YMOBH

n—=1 n-1
(Z(‘;ay)modpf :(Zébyjmodpf =0, €))

_ o hi k
ne a; = a, 2modpj,b,.j

=b,-2' mod p, p; — mpocTe YncI0, MeHIIE Vb k=123, ...
— CTEIiHb p;.

Cnin 3a3HauuTH, 10 TIpU k=1 1 BUKOHaAHHI (4) MepeBipsAEThCS Ta )X YMOBa Mpu k=2 i
T.1. TakuM YMHOM, BPaXOBYETHCS CHUIBHUN IUIBHUK, KM € CTEMEeHEM MPOCTOro YHcia.
[Hykanwit HaROUTBIININA CIIUTBHANA TUTHHUK 3HAXOIUMO SIK JOOYTOK OTPUMAHUX 3a JOTIOMOTOO
(4) cimbHUX TITHHUKIB.

3anporoHOBaHUN QJITOPUTM XapaKTEPHU3YETHCS JIOTApU(DMIYHOIO OOUHCITIOBAITHHOIO
Jb

. d o . -
ckmannictio O(m-log, n), ne m = [ — — KinbkicTb mpocTHX ¥mcen y AiamasoHi Bix 2 1o
5 Int

Vb Kpim TOro, BiH M03BOJISIE pO3MapalieTMTH BUKOHAHHS BCIX oOIepaiiid 3a KOXHUM
MOJyJieM 1 BUKOHATH (paKTOPH3aIlito Yucel a Ta b.

Ynockonasenuit anroputm nomyky HCJL 3a momomorow 6a3ucy Kpecrencona.
3anponoHOBaHUM BHILE AJITOPUTM MOYKHA CYTTEBO YAOCKOHAIMTHU LUIAXOM CKOPOUYEHHS
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KUTBKOCTI MOZYJiB (TOOTO KUTBKOCTI KPOKiB), 3a SIKUMH MOTPIOHO IIyKaTH 3anuiuku. Hexait
MAEMO CHCTEMY MOJYJIIB, sIKa CKJIAJIAETHCS 3 MPOCTUX YUCEN P1, P2, P3, ..., MEHIIIHX Vb, i
k v . .o . .
JEAKOT0 p; BUKOHYEThCs ymoBa (4). HacTynHuii Kpok mossrae y mociuioBHiH Nepesipii
k __k _ P
yMOBH (4) 115t MOJTYJIS (pjpj‘ﬂ), ki=1,2,3,...;1=1,2,....
TakumM 4YMHOM, TIPU TOCTIZIOBHOMY MHOXCHHI MOJYJIB OTPHUMYEMO, IO
S
HC/(a,b)=]] pf , IUTSI SIKUX BUKOHYETbCS yMOBa (4).
j=1
Y mopiBHAHHI 3 TOMNEpPEIHIM, IaHWW aJTOPUTM BUKOPHUCTOBYE MEHINY KUIBKICTh

KpPOKiB, OJTHAK BiH HE MIIJAETHCS PO3MAPAJICIIOBAHH 1 HEe PO3B’sA3ye 3amauy (akTopu3arlii
YHCe.

Ipuknanu 3acrocyBanus aaroputmiB nomyky HC/I. Hexait moTpioHO o0uucIuTH
HC/1(3843, 1449).

1. CrannaptHuii anroput™ EBkitiga:

3843=1449-1+945

1449=945-1+504

945=504-1+441

504=441-1+63

441=63-7+0

Otxe, HCJI(3843, 1449)=63.

2. Anroput™m EBKiija B po3MeXOBaHIM CHCTEMI UYUCICHHS 3pY4YHO MPEICTABUTH Y
BUIIAA] Ta0mi 3.

Tabmuus 3. Anroputm EBkitija B po3MexoBaHiil cuCcTeMi YHCICHHS

1 3843 1 1 1 1 0 0 0 0 0 0 1 1
2 2'mod1449 | 599 1024 | 512 | 256 128 64 32 16 8 4 2 1
3 1449 1 0 1 1 0 1 0 1 0 0 1
4 2'mod945 79 512 256 128 64 32 16 8 4 2 1
5 945 1 1 1 0 1 1 0 0 0 1
6 2'mod504 8 256 128 64 32 16 8 4 2 1
7 504 1 1 1 1 1 1 0 0 0
8 2'mod441 256 128 64 32 16 8 4 2 1
9 441 1 1 0 1 1 1 0 0 1
10 | 2'mod63 4 2 1 32 16 8 4 2 1

3 pazka 2 6aunmo, 1mo (599+1024+512+256+2+1)mod 1449=945.

3 psaaka 4 — (79+256+128+32+8+1)mod 945=504.

3 psiaka 6 — (8+256+128+32+16+1)mod 504=441.

3 psaka 8 — (256+128+64+32+16+8)mod 441=63.

3 psanka 10 — (4+2+32+16+8+1)mod 63=0.

Takum unHOM MokHa oTpuMaT HCJI, yHUKHYBIIH TpOMI3AKOT ornepartii JijeHHS.

3. [Tomyk HCJ] y 6a3uci Kpecrencona.

Jlany 3amauyy TakoX 3pY4HO NPEICTaBUTH y BUIJIAAL Tabuuii 4, BpaxyBaBIIH, IO

1449 ~38.
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Tabmuus 4. 3HaX0KEHHS 3aTUIIKIB 32 TPOCTHMHU MOYJISIMHA

1 2048 | 1024 | 512 | 256 | 128 |64 |32 |16 |8 4 2 1
2 | 3843 1 1 1 1 0 0 0 0 0 0 1 1
3 1449 1 0 1 1 0 1 0 1 0 0 1
4 | 2'mod2 0 0 0 0 0 0 0 0 0 0 0 1
5 | 2'mod3 2 1 2 1 2 1 2 1 2 1 2 1
6 | 2'mod5 3 4 2 1 3 4 2 1 3 4 2 1
7 | 2'mod7 4 2 1 4 2 1 4 2 1 4 2 1
8 |2'modll |2 1 6 3 7 9 10 |5 8 4 2 1
9 |2'modl3 |7 10 5 9 11 12 |6 3 8 4 2 1
10 | 2'mod17 |8 4 2 1 9 13 |15 |16 |8 4 2 1
11 | 2'modl19 |15 17 18 9 14 |7 13 |16 |8 4 2 1
12 | 2'mod23 |1 12 6 3 13 18 |9 16 |8 4 2 1
13 | 2'mod29 |18 9 19 |24 12 6 3 16 |8 4 2 1
14 | 2'mod31 |2 1 16 8 4 2 1 16 |8 4 2 1
15 | 2'mod37 |13 25 31 34 17 |27 |32 |16 |8 4 2 1
16 | 2'mod9 5 7 8 4 2 1 5 7 8 4 2 1
17 | 2'mod27 |23 25 26 13 20 10 |5 16 |8 4 2 1

3 Tabawui 4 mykaeMo 3aJHIIKA 33 TIPOCTUMH MOJIYJISIMU.
Panox 4: 3843 mod 2=1; 1449 mod 2=1.
Psnok 5: 3843 mod 3=(2+1+2+1+2+1) mod 3=0; 1449 mod 3=(1+1+2+2+2+1) mod 3=0.
Psimok 6: 3843 mod 5=(3+4+2+1+2+1) mod 5=3; 1449 mod 3=(4+1+3+2+3+1) mod 5=4.
Psnok 7: 3843 mod 7=(4+2+1+4+2+1) mod 7=0; 1449 mod 7=(2+4+2+4+1+1) mod 7=0.
Pamox 8: 3843 mod 11=(2+1+6+3+2+1) mod 11=4; 1449 mod 11=(1+3+7+10+8+1) mod
3=8.
Pamox 9: 3843 mod 13=(7+10+5+9+2+1) mod 13=8; 1449 mod 3=(10+9+11+6+8+1) mod
13=6.
Psmox 10: 3843 mod 17=(8+4+2+1+2+1) mod 17=1; 1449 mod 17=(4+1+9+15+8+1) mod
17=4.
Pagox  11: 3843 mod  19=(15+17+18+9+2+1) mod 19=5; 1449 mod
19=(17+9+14+13+8+1) mod 19=5.
Psanox 12: 3843 mod 23=(1+12+6+3+2+1) mod 23=2; 1449 mod 23=(12+3+13+9+8+1) mod
23=0.
Psamox  13: 3843 mod  29=(18+9+19+24+2+1) mod 29=15; 1449 mod
29=(9+24+12+3+8+1) mod 29=28.
Psmox 14: 3843 mod 31=(2+1+16+8+2+1) mod 31=30; 1449 mod 31=(1+8+4+1+8+1) mod
31=23.
Pamox  15: 3843 mod  37=(13+25+31+34+2+1) mod 37=32; 1449 mod
37=(25+34+17+32+8+1) mod 37=6.
JlaHi po3paxyHKH MOKa3ylOTh, 0 CIUIBHUMH HNPOCTUMH JUIbHUKaMU € yucna 3 ta 7. s
sHaxomkeHHss HCJ] moTpiOHO nepeBipuTH iX CTEIeHi:
Psinok 16: 3843 mod 3*=(5+7+8+4+2+1) mod 3°=0; 1449 mod 3° =(7+4+2+5+8+1) mod
3°=0.
Psgoxk  17: 3843 mod 3°=(23+25+26+13+2+1) mod 3’=9; 1449 mod 3’
=(25+13+20+5+8+1) mod 3°=18.

Uncno 7°=49>38 i Horo MoxHa He nepeBipatu. Orxe, HC/(3843, 1449)= 3%.7=63.
JlaHuii MeTo; J03BOJISE TPOBECTH (DAaKTOPH3ALi0 wrcen, Hanpukmax 1449=3%.7-23. Kpium
TOT0, OOYHCIICHHSI MOYKHA BUKOHYBATH MapajiesbHO 33 PI3SHUMH MOTYJISIMH.

4. Y nockonanenuit anroputm nomyky HCJl y 6asuci Kpecrencona.
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bynyemo tabnuro 5.

Tabnuis 5. 3HaX0MKEHHS 3aIUIIKIB B YTOCKOHAJICHOMY aJITOPUTMI

1 2048 | 1024 | 512 | 256 | 128 |64 |32 |16 |8 |4 |2 1
2 | 3843 1 1 1 1 0 0 0 0 0 |0 1 1
3 1449 1 0 1 1 0 1 0 1 |0 [0 |1
4 | 2'mod2 0 0 0 0 0 0 0 0 0 [0 |O |1
5 | 2'mod3 2 1 2 1 2 1 2 1 2 |1 |2 1
6 | 2'mod9 5 7 8 4 2 1 5 7 8 |4 |2 |1
7 | 2'mod27 23 25 26 13 120 10 |5 16 |8 |4 |2 1
8 | 2'mod45 23 34 17 |31 38 19 |32 |16 |8 |4 [2 |1
9 | 2'mod63 32 16 8 4 2 1 32 |16 |8 |4 |2 1
10 | 2'mod441 | 284 | 142 |71 256 | 128 |64 |32 |16 |8 |4 |2 1
11 | 2'mod693 | 662 |331 |512 |256 | 128 |64 |32 |16 |8 |4 |2 |1
Amnanizyemo Tabuuiio 5.
Psgox 4: 3843 mod 2=1; 1449 mod 2=1.
Psanok 5: 3843 mod 3=(2+1+2+1+2+1) mod 3=0; 1449 mod 3=(1+1+2+2+2+1) mod
3=0.
Psnok 6: 3843 mod 9=(5+7+8+4+2+1) mod 9=0; 1449 mod 9 =(7+4+2+5+8+1) mod
9=0.

Psamox 7: 3843 mod 27=(23+25+26+13+2+1) mod 27=9; 1449 mod 27
=(25+13+20+5+8+1) mod 27=18.

Psmok 8: 3843 mod 45=(23+34+17+31+2+1) mod 45=18; 1449 mod
45=(34+31+38+32+8+1) mod 3=8.

Pagok 9: 3843 mod 63=(32+16+8+4+2+1) mod 63=0; 1449 mod
63=(16+4+2+32+8+1) mod 63=0.

Psanok 10: 3843 mod 441=(284+142+71+256+2+1) mod 441=315; 1449 mod
441=(142+256+128+32+8+1) mod 441=126.

Psanok 11: 3843 mod 693=(662+331+512+256+2+1) mod 693=378; 1449 mod
693=(331+256+128+32+8+1) mod 693=63.

I3 po3paxynkiB Takox ButummBae, mo HC/(3843, 1449)=63.

KpiMm Toro, 3a3Haymmo, IO B JBOX OCTAHHIX QJITOPUTMaxX HE OOOB’S3KOBO IIYKATH
3aJUIIKK Big 000X ymcen a Ta b. JIocuTh 3HANTH 3aIMIIKK BiJl MEHIIOTO YHCIA 1 TUIBKU MPH
ix piBHOCTI 0 TIEpEBIPATH APYyTe YUCIIO.

Ouinka 00YMCJIIOBAJBHOI CKJIAJTHOCTI BiIOMOr0 Ta 3alIPONOHOBAHUX AJTOPUTMIB
nomyky HCJl. CkiagHicTh 3amporOHOBAaHUX aJTOPUTMIB BH3HAYAETHCS OOUYHCITIOBAIBHOIO
CKJIQJIHICTIO TaKUX OTEpaIlin:

1) 3HaXOKEHHS 3AJIUIIKIB d j,b ; aucen X,Y 3a MPOCTUMH MOIYIISIMH P j'”f , I

SIKHX BUKOHYeThCst ymoBa @; =b, =0 ;
k
2) obumcnenns no6yTky moaynis Z = HCJ(X,Y)=[]p," .
j=1

VY Ttabnuii 6 HaBeIEHO OIIHKM OOYHMCITIOBAJIBLHOI CKIJIAJHOCTI OCHOBHHUX OIepallii
anroputmy nomyky HCJl y 6a3uci KpecreHcona, mo 103BOjsi€e 3pOOMTH TOPIBHSUTHHUI
aHaJi3 13 BULICHABEACHUMH aJITOPUTMAMHU MOIITYKY HaHOUIBIIOrO CIIUIBHOTO AiJIbHUKA.
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Tabmuus 6. O6uncIIOBaNbHA CKIIAHICTh OCHOBHHX Omepariii anroputmy nomryky HCJJ
y 6a3uci KpecteHcoHa Ta HOro yIOCKOHAJICHHS

Ne OcHoBHI onepairii OO6uuncroBaIbHa CKIIATHICTD

Py O(log2 n- (log2 n+ gj]
(m)

n—1

a," = res(; a;(modp " )]

2 (m) (n—l O(logz %)
bj =res

2. b;(mod p," )j
k
z=11r," Olk-log, n)
-1

=1

k — KUIbKICTh MOMYJIB, IS IKUX BUKOHYEThCS yMOBa @ ; = b ;= 0.

3 ypaxyBaHHSM JaHMX Tabin. 6 3araibHa OOYMCHIOBajbHA  CKJIAJIHICTh

3ampornioHoBaHoro anroputmy nomyky HCJ[ y 6a3uci Kpectencona ta ioro ymockoHalIeHHS

6yz[e BU3HA4YaTUCA CYMOIO CKHaﬂHOCTeﬁ OCHOBHHX onepauiﬁ, a caMc:

n
O{log2 n'(log2 n +E+k'10g2 nj +n-log, %]

O3(log2 n(log2 n+k-log,n +gj + g -log, g] BianmoBinHO. Ha puc. 1 300paxeno rpadiku,

SKI XapaKTepU3yIOTh CKJIQJIHOCTI ICHYIOUOTO Ta 3alpONOHOBAHHX AJTOPUTMIB 3aJIEKHO Bif

PO3PSTHOCTI KOMITOHEHTIB Z .
YucenbHUN €KCTICPUMEHT OIIHKHU CKJIATHOCTEH 3apOIIOHOBAHUX AJTOPUTMIB MOIIYKY

HC/I nokasye, mo B fiama3oHi ABIHKOBUX po3psaaiB Big 0 1o 42 6iTiB ciiifi BUKOPUCTOBYBATH
YIOCKOHAJIEHHS peanizamii anroputmy EBKiiza 3 BUKOPHCTaHHSM PO3MEKOBAHOI CHCTEMH
yncieHHss Panemaxepa — KpecreHcoHa, a mpu 30UIBIIEHH] PO3PAIHOCTI YHCEN — AJITOPUTM

nomryky HCJI B 6a3uci Kpecrencona Ta Horo yJ0CKOHaJICHHS.
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Pucynok 1. Cxnagnocti anropurmis nomyky HCJI( X, Y ), O(n) —y 6asuci Kpecrencona, Ol(n) —
anmroputmy Esknina, O2(7) — ynockonanenns peaiizaiii anroputMy EBKITijia 3 BAKOPHCTAHHSM

po3smeskoBaHoi cuctemu uucienns, O3(n) — ynockonanenuii anropurm nomyky HCJ] y 6asuci Kpectencona
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MPUNIAQOBYAYBAHHS TA IHOOPMALIMHO-BUMIPIOBAJTIbHI TEXHOJOIIT

BucnoBku. 3anponoHoBaHi TeopernyHi ocHoBu mouryky HCJl i3 3acTocyBaHHSM
TEOPETHKO-4UCIOBOro 0Oasucy KpecreHcoHa Ta pO3MEXOBAaHOI CHCTEMH YHCIICHHS
3aJMIIKOBUX KJIAaciB J03BOJIAIOTH 3MEHIIUTH OOYHMCIIOBAIBHY CKIATHICTh Ha 1—2 MOpSAKH,
NPOBOJUTH OOYUCIICHHS 3 BHKOPHUCTAaHHSM TMapajielbHOI TEXHONOTii Ta e(eKTUBHO
BUKOPUCTOBYBATH JUISI peallizaiii BHCOKOTPOIYKTUBHUX aJITOPUTMIB ONPAIFOBAHHS 1 3aXUCTY
iH(pOpMaIifHUX MTOTOKIB HA OCHOBI aCHMETPUYHUX AJTOPUTMIB IIU(PPYyBaAHHS.
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